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Certain alloys of iron and nickel (so-called ‘Invar’ alloys) exhibit almost no thermal 
expansion over a wide range of temperature1–3.  It is clear that this is the result of an 
anomalous contraction upon heating which counteracts the normal thermal 
expansion arising from the anharmonicity of lattice vibrations.  This anomalous 
contraction seems to be related to the alloys’ magnetic properties, since the effect 
vanishes at a temperature close to the Curie temperature.  However, despite many 
years of intensive research, a widely accepted microscopic theory of the Invar effect 
in face-centered-cubic Fe-Ni alloys is still lacking.  Here we present a simple theory 
of the Invar effect in these alloys based on Ising magnetism, ab initio total energy 
calculations, and the Debye-Grüneisen model4.  We show that this theory accurately 
reproduces several well known properties of these materials, including Guillaume’s 
famous plot1 of the thermal expansion coefficient as a function of the concentration 
of nickel.  Within the same framework, we are able to account in a straightforward 
way for experimentally observed deviations from Vegard’s law2, 3, 5, 6.  Our approach 
supports the idea that the lattice constant is governed by a few parameters, 
including the fraction of iron-iron nearest-neighbour pairs.
It is over eighty years since Guillaume received a Nobel prize for his discovery of 
the Invar effect.  In 1897, he had observed that certain alloys of iron and nickel exhibit 
almost zero thermal expansion over a wide range of temperature1.  The decades since then 
2have seen many more precise measurements on the Fe-Ni series2, 3, as well as the 
observation of a similar effect in other systems such as Fe-Pt3 and Ni-Mn3.  Some 
materials have also been shown to exhibit the opposite: an anomalously large thermal 
expansion, referred to as the ‘anti-Invar’ effect6.
Naturally there has been a great deal of theoretical work on the origin of the Invar 
effect in face-centred-cubic (fcc) Fe-Ni alloys.  The relevant measured quantity is the 
linear thermal expansion coefficient, (dL/dT)/L, which we denote by α.  This may be 
decomposed as α = αlatt + αanom, where αlatt is the contribution from the lattice vibrations. 
There appears to be an almost universal consensus that the anomalous term αanom is related 
to the magnetic properties of the systems in question.
On the issue of which magnetic models are appropriate, however, opinions differ. 
One strand in the literature favours a so-called 2γ-state model, where the iron atoms in the 
alloy switch between two states with different magnetic moments (and thus different 
volumes) as the temperature is raised3.  This approach, however, appears to be 
incompatible with the results of Mössbauer7 and neutron8 experiments.  A second 
approach is based on weak itinerant ferromagnetism3; this, in turn, seems incompatible 
with the experimental observation9 that substantial local magnetic moments persist in the 
paramagnetic phase of Fe65Ni35.
Models based on local moments3, 10–14 have also been suggested, a point of view that 
is supported by certain Mössbauer15 experiments.  Within this class of models, there has 
been some emphasis recently12 on the importance of non-collinearity of the magnetic 
moments on the iron sites, though experiments16 undertaken to detect such non-
collinearity do not seem to find it.  Other authors, by contrast, conclude11 that an Ising 
(‘up or down’) model with properly chosen exchange constants is adequate to the problem 
– a view supported by our results, as we shall demonstrate below.
3An important step towards a quantitative prediction of the thermal expansion of 
Invar alloys has recently been made using the partially disordered local moment (PDLM) 
model17.  This model can be used to calculate ab initio total energies of an A1-xBx alloy in 
collinear magnetic states, given the fraction of A atoms whose spins are ‘up’, xAU, and the 
fraction of B atoms whose spins are ‘up’, xBU.  A PDLM state for xAU=xBU=1 is fully 
magnetised, whereas a PDLM state for xAU=xBU=0.5 is completely disordered.  By 
applying this formalism, the Invar effect in disordered Fe-Pt alloys has been found to 
originate from thermal magnetic disorder.
In this work, we present a simple theory of the relationship between magnetism and 
thermal expansion in fcc Fe-Ni alloys.  X-ray diffraction measurements18, 19 have shown 
that fcc Fe-Ni alloys are chemically disordered.  We treat them as random alloys, 
calculating the Wigner-Seitz radius by minimising the free energy within the Debye-
Grüneisen model at the temperature of interest, T.  For this purpose, we use a partially 
disordered local moment state exhibiting similar magnetic properties to those of the 
random alloy at T.
The following general procedure is used to determine the average lattice constant at 
temperature T.  (See the Methods section for details of the calculations.)
1. We calculate the following characteristics of the magnetic structure at T: the 
magnetization M(T); the fraction of nearest-neighbour iron-iron pairs whose spins 
are anti-parallel, XFFAP(T); the analogous quantity for iron-nickel pairs, XFNAP(T); 
and the same for nickel-nickel pairs, XNNAP(T).  As discussed above, an Ising 
model seems to be sufficient for this step of the calculation; see the Methods 
section for further details.
42. We use in our ab initio code a PDLM state that reproduces the values of XFFAP, 
XFNAP, XNNAP, and M found in part 1.  In our Ising approach, this state is labelled by 
the fraction of nickel spins that are up (xNU) and the fraction of iron spins that are 
up (xFU).  We thus obtain the total energy for that PDLM state as a function of the 
lattice constant.
3. We fit a Morse function to the results of part 2, using a least-squares procedure. 
The parameters of the fit give us the equilibrium lattice constant, the bulk 
modulus, and the Grüneisen constant12 for the values of xFU and xNU in question.
4. Using the Debye-Grüneisen model, we calculate the free energy as a function of 
the lattice constant.  This is done by adding the total energy obtained in part 2 to 
the free energy of the vibrating lattice estimated from the three quantities obtained 
in part 34.  Minimising this free energy allows us to calculate the average lattice 
constant at temperature T.
A useful way to think of the above procedure is shown in Fig. 1.  Imagine that the 
magnetic configuration were fixed.  Then the material would show only “normal” thermal 
expansion.  Let us call the corresponding thermal expansion curve a(xFU, xNU, T); the curve 
for x=0.35, xFU=0.90, and xNU=1 is the uppermost dashed curve in Fig. 1.  In reality, 
however, raising the temperature causes the material to demagnetise, and the values of 
XFFAP, XFNAP and XNNAP change accordingly.  One may say that the system ‘hops’ from the 
curve a(xFU, xNU, T) to the curve a(x'FU, x'NU, T'), resulting in a lattice spacing given by the 
curve a(xFU(T), xNU(T), T).  This is shown as the solid line in Fig. 1.  In the case depicted, 
each ‘hop’ is to a curve lower than the last, cancelling the upward trend of each individual 
curve: this is the essence of the Invar effect. 
5Having thus outlined the general procedure to be followed, we now present the 
details, with some commentary.  In Fig. 2a, we plot the fraction of nearest-neighbour Fe-
Fe pairs that are anti-parallel, XFFAP, as a function of temperature, according to the Ising 
model we use; these results are shown for several different overall concentrations of Ni in 
the alloy.  Fig. 2b displays the equilibrium lattice constant of Fe1-xNix  in the PDLM state 
with the appropriate xFU and xNU for x=0.30, 0.35, 0.45, 0.55, and 0.80, versus XFFAP.  Note 
that the lattice constant is strongly negatively correlated with the number of anti-parallel 
iron-iron pairs.  This reduction of the lattice constant as the number of iron-iron ↑↓ pairs 
is increased is the central physical mechanism of the Invar effect.  It is interesting to note 
that a clear shift of the equilibrium volume towards lower values with increasing the 
number of iron-iron ↑↓ pairs can also be observed in Invar Fe-Pt alloys17.
We now employ the above-described procedure (points 3 and 4) to calculate the 
lattice constant, a, as a function of temperature.  The results are shown in Fig. 3a, 
exhibiting a clear Invar effect for certain concentrations x.  From this, we may easily 
extract the linear thermal expansion coefficient at room temperature, which is plotted in 
Fig. 3b.  Note the quantitative agreement with experiment, both for concentrations that 
exhibit the Invar effect and for those that do not.
There is one question, however, that our ab initio calculations so far do not answer: 
namely, why is it that an increase in the number of nearest-neighbour iron-iron ↑↓ pairs, 
XFFAP, causes a reduction in the lattice spacing?  To address this point, we show in Fig. 4a 
the average separations of nearest-neighbour iron-iron pairs, for both parallel and anti-
parallel orientations of their local moments: dFFP and dFFAP respectively.  It is clear that 
dFFAP is significantly smaller than dFFP, i.e. that the iron-iron bond contracts when the spin 
configuration is changed from parallel to anti-parallel.  Thus, the bigger XFFAP is, the 
smaller is the average distance between two nearest-neighbour iron atoms, dFF. 
6Furthermore, as shown in Fig. 4b, there is a robust positive correlation between the 
average lattice constant, a, and dFF. Thus, a tends to decrease with increasing XFFAP.
Finally, we make two comments.  First, the physical origin of the discrepancy 
between dFFAP and dFFP in random face-centered-cubic Fe65Ni35 alloy has already been 
discussed20.  It seems that this difference arises from the dependence of the exchange 
parameter on the distance between iron-iron nearest-neighbour atoms.  Second, we can 
easily explain the deviation from Vegard’s law shown, for example, by the low-
temperature lattice constant of fcc Fe65Ni35 alloy2, 6.  We obtain ab initio that the lattice 
constant of fully magnetised fcc Fe1-xNix  decreases linearly with increasing the Ni atomic 
concentration, x, between x=0.3 and x=0.8, in obedience to Vegard’s law.  However, 
according to our Ising model, the zero-temperature magnetic structure of fcc Fe65Ni35 
alloy is not fully magnetised, but rather collinear ferrimagnetic: there are some anti-
parallel iron-iron nearest neighbour moments even at zero temperature.  Consequently, 
due to the mechanism discussed above, the lattice constant is smaller for the collinear 
ferrimagnetic alloy than for the fully magnetised alloy.  The predicted relative deviation 
from Vegard’s law is -0.37%, which is in fair agreement with the experimental result of 
-0.11%6.
Methods.
To carry out point 1 of the procedure for Fe1-xNix for x=0.30, 0.35, 0.45, 0.55, and 0.80, a 
mean-field Ising model of the Müller-Hesse type10 is employed.  However, there is no 
reason why an ab initio calculation14 could not replace this approach.  The input 
parameters of our Ising model for Fe1-xNix are chosen as follows.  The magnitude of the 
local magnetic moment at an iron site MF(x) and at a nickel site MN(x) is derived from 
first-principles calculations for ferromagnetic Fe1-xNix.  For x=0.35, MF(x) and MN(x) are 
7respectively set to 2.63 µB  and 0.62 µB.  The exchange constants JFF(x) (between a nearest-
neighbour iron-iron pair) and JFN(x) (between a nearest-neighbour iron-nickel pair) are 
tuned in such a way that the calculated zero-temperature magnetization and Curie 
temperature agree with experimentally measured properties3, 21 within 10%.  The 
exchange constant JNN(x) (between a nearest-neighbour nickel-nickel pair) is set to 40.55 
meV, the value of JNN obtained at x=1.  Note that JFF(x), JFN(x), and JNN(x) are the only 
experimentally determined parameters in our model.
Ab initio total energy calculations for point 2 of the procedure are performed within the 
framework of the exact muffin-tin orbitals (EMTO) theory using the full charge density 
(FCD) technique22.  The problem of substitutional chemical disorder is treated within the 
coherent potential approximation (CPA)23.  The integration over the irreducible part of the 
Brillouin zone is done over approximately 500 k-points distributed according to the 
Monkhorst-Pack scheme24.  This is sufficient to ensure that the calculated lattice 
constants, bulk moduli and Grüneisen constants are converged with respect to the number 
of k-points within 5 mÅ, 100 kbar, and 0.1 respectively.  All the calculated bulk moduli 
were found between 1.5 and 1.9 Mbar, and all the calculated Grüneisen constants lie 
between 1.5 and 1.8.
The results displayed in Figs. 4a and 4b are determined ab initio by means of the 
projector augmented-wave (PAW)25 method as implemented in the Vienna Ab initio 
Simulation Package (VASP)26.  We apply the “special quasirandom structures” (SQS)27 
scheme to random Fe65Ni35 and Fe20Ni80.  For each Ni atomic concentration (x=0.35 and 
0.80), we construct a 96-atom SQS28.  More details about the calculations for x=0.35 can 
be found in Ref. 20.
Finally, note that the ab initio computations are performed within the generalized gradient 
approximation (GGA)29, 30 for the exchange-correlation energy functional.  
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Figure 1 Calculated lattice constant of Fe65Ni35 as a function of 
temperature.  Circles: lattice constant calculated assuming the magnetic 
configuration to be fixed (see key).  Dotted lines: fits to circles.  From top to 
bottom, (xFU, xNU) = (0.90, 1), (0.89, 1), (0.84, 1), (0.79, 0.97), (0.71, 0.89), (0.57, 
0.64), and (0.5, 0.5).  Crosses: lattice constant calculated including thermally 
induced magnetic disorder.  Solid line: direct interpolation between crosses.
Figure 2 Magnetic and lattice properties of Fe1-xNix for several values of x. 
a, the fraction of iron-iron nearest-neighbour pairs that are anti-parallel as a 
function of temperature, according to a mean-field Ising model. b, the 
equilibrium lattice constant of Fe1-xNix in a PDLM state versus the fraction of 
iron-iron nearest-neighbour pairs that are anti-parallel, according to ab initio 
calculations performed by means of the EMTO method.
Figure 3 Lattice constant as a function of temperature, and thermal 
expansion coefficient at room temperature, of Fe1-xNix for two different 
values of x. a, the lattice spacing of Fe1-xNix at equilibrium as a function of 
temperature, according to our calculations (crosses) and experiments2 
(triangles).  Solid lines are direct interpolations between the calculated points. b, 
the linear thermal expansion coefficient of Fe1-xNix at room temperature as a 
function of the concentration of nickel, according to our calculations (circles) 
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and experiments3 (triangles).  Solid lines are direct interpolations between the 
points.
Figure 4 Average iron-iron nearest-neighbour bond lengths and lattice 
constant in Fe1-xNix at x=0.35 and 0.80. a, comparison of the average distance 
between two iron nearest-neighbours with parallel (triangles up) and anti-
parallel (triangles down) moments in Fe1-xNix, determined by PAW 
computations.  The magnetic state is collinear ferrimagnetic, with the fraction of 
anti-parallel iron-iron nearest-neighbour pairs, XFFAP, as in Fig. 2a. b, the lattice 
constant of Fe1-xNix versus the average iron-iron nearest-neighbour bond length, 
dFF, according to ab initio calculations carried out by means of the PAW method. 
The regression line shows the tendency of the lattice constant to increase with 
increasing dFF.
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